In this paper we prove several inequalities for binomial coefficients. For instance, if k and n are positive integers such that n ≥ 400 and [
Introduction
Since the binomial coefficients are quotients of factorials of positive integers, in order to determine the size of binomial coefficients it is very natural to use good approximations for factorials of positive integers. The famous Stirling's approximation [1] asserts that n! ∼ √ 2πn n e n as n → +∞.
More precisely, Robbins [6] and Feller [2] proved that for any positive integer n, It is well known that Γ(n + 1) = n! for any positive integer n. A conjecture of Srinivasa Ramanujan [5] asserts that for x > 0,
, where θ(x) → 1 as x → +∞ and 3 10 < θ(x) < 1. When x = n ≥ 2 is a positive integer, in 2006 Hirschhorn [3] established the following better result:
, where 5 < r < 11. Note that 
for n ≥ 2.
Let N be the set of positive integers. In 2001 Stǎnicǎ [7] showed that for any m, n, p ∈ N with m > p,
]. In this paper we improve the known inequality
and n ≥ 400.
Suppose m, n ∈ N with m, n ≥ 2. In this paper we use (1.2) to establish the following inequality:
n , we also show that k is the least positive integer r such that n r > 2 n n+1 .
Main results
Lemma 2.1. Let n ∈ N, n ≥ 3 and k ∈ {0, 1, . . . , [
Proof. Set
Thus the result is true for k = 0. Now we assume that 1 ≤ k ≤ n 2 − 1. It is clear that
Thus,
For m ≥ 1 we see that 1 nm n > 1 (n + 1)m n+1 and lim
and so
On the other hand, for m ≥ 2 we have
Using (2.2) and (2.4) we obtain
Thus, F (n, k) > e 11 12n 2 . This proves the lemma. Theorem 2.1. Let n ∈ N, n ≥ 4 and k ∈ {2, 3, . . . , [
2 . Thus,
Now combining all the above we prove the theorem. Theorem 2.2. For any positive integer n and k ∈ {0, 1, 2, . . . , n} we have
Proof. Clearly the result is true for n = 1. Now assume that n ≥ 2. When n is even, taking m = 2 and substituting n with n/2 in (1.2) we see that
When n is odd, from the above we deduce that
As n 3 < n 3 + n 2 − n − 1 = (n + 1) 2 (n − 1) we have n √ n < (n + 1) √ n − 1. Thus
as asserted. To complete the proof, we note that For k ∈ {0, 1, . . . , r − 1} we have This proves the theorem. Lemma 2.2. Let k ∈ N, k ≥ 80 and r ∈ {0, 1, 2, 3, 4}. Then
Proof. Using Maple we know that the result is true for 80 ≤ k ≤ 200. Now assume k > 200. For r = 0, from (1.2) we have
So the result is true for r = 0. Now suppose r = 1. Clearly
By Lagrange's mean value theorem, for m ≥ 1 there exists a real number θ ∈ (0, 1) such that
Using this inequality we see that 5k − 1 2 log 5k 5k + 1 − 4k log 4k 4k + 1 = − 5k − 1 2 log 1 + 1 5k + 4k log(1 + 1 4k )
.
Hence,
and so 5k + 1
For k ≥ 114 we have 25 8π · e 3 2(5k+1) < 1 and so 5k + 1
This proves the result in the case r = 1. Now assume r ∈ {2, 3, 4}. By (1.4), (5k + r)! < √ π 5k + r e 5k+r 8(5k + r) 3 + 4(5k + r) 2 + 5k + r + 1 30
8(5k + r) 3 + 4(5k + r) 2 + 5k + r + 1 30
To prove the result, it is sufficient to show that (2.7) 8(5k + r) 3 + 4(5k + r) 2 + 5k + r + 1 30
− (5k + 4) 3 (8(5k + 4) 3 + 4(5k + 4) 2 + 5k + 4 + 1)
As k > 200 we have
and so (2.7) holds. Hence the result is true for r = 2, 3, 4. Now the proof is complete. Lemma 2.3. Let n ∈ N and k ∈ {0, 1, . . . , n}. Then
Proof. Clearly the result is true for k = 0, n. Now assume 1 ≤ k < n.
By the symmetry, we may assume 1
The proof is now complete. Theorem 2.4. Let k, n ∈ N, n ≥ 400 and [
Proof. By Lemmas 2.1, 2.2 and (2.5),
This together with Lemma 2.3 gives the result. Corollary 2.1. Let k, n ∈ N, n ≥ 400 and [
Proof. By the symmetry, we may assume [
. Now the result follows from Theorem 2.4 immediately.
Remark 2.1 Corollary 2.1 was conjectured by the author's student Shu-Yao Yi.
Let n ∈ {3, 4, 5, . . .}. Following [4] we define f (n) to be the least positive integer k such that
] for r = 0, 1, . . . , n, we see that
Thus, by induction we have 2 n+2 > (n + 1) 2 (n + 1 − 2) for n ≥ 6. Hence
Now, from the above we deduce that Therefore, f (n) ≤ n − 2 2 < n 2 − n − 1 2n + 1 and so n − f (n) f (n) + 1 > n + 1 n .
By the definition, n f (n) > 2 n n+1 . Thus, from the above we deduce that n f (n) + 1
Hence k = f (n). This proves the theorem.
By doing calculations with the help of Maple, we pose the following conjecture. Conjecture 2.1. There are infinitely many pairs (n, k) (k, n ∈ N, k ≤ n 2 ) such that
n . The first few examples of (n, k) (n ≤ 1500) are listed below: 
